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Abstract. In [S], Hochschild established a 6-temi exact sequence for 
the cohomology of restricted Lie algebras. We generalize this result to 
restricted Lie superalgebras. 



1. Introduction 

1.1. As generalizations and deep continuations of classical Lie theory, Lie 
superalgebras over the field of complex numbers C have been studied ex- 
tensively since the classification of finite dimensional complex simple Lie 
superalgebras by Kac [7]. Comparing with abundant works and results for 
various cohomology theory of Lie superalgebras (see [U El [HI [10] and ref- 
erences therein), the knowledge about the cohomology theory of restricted 
Lie superalgebras is poor. To the author's best knowledge, there has not 
been any serious study in the direction, perhaps because even for simple Lie 
superalgebras over C their cohomology theory is already very difficult. 

1.2. In [5j, Hochschild gave a pioneering trial to the cohomology theory for 
restricted Lie algebras and as a final conclusion a 6-term exact sequence was 
obtained: 

0^ R] (L, M) R\L,M) ^ S{L, M^) 

^ h2(L,M) ^h2(L,M) ^5(L,Hi(L,M)), 

for L a restricted Lie algebra and M a strongly abelian restricted Lie algebra 
with an L-operation. Here H' and H* denote the "ordinary" situation's 
cohomology groups and "restricted" ones respectively, SiV, W) is the space 
of p-semilinear maps from V to W , and is the subset of invariants, i.e., 
= {m € M\L ■ m = 0}. This 6-term exact sequence established the 
connection between ordinary cohomology groups and restricted ones, and 
was shown to be crucial to get further information about cohomology theory 
of restricted Lie algebras, algebraic groups, infinitesimal groups and discrete 
groups [21[S]. Especially, it can help us to establish Noetherian property for 
cohomology algebra H*(0, k) for a restricted Lie algebra g. The current work 
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generalizes this 6-term exact sequence to restricted Lie superalgebras 

0^rI{q,M) ^ Hi(g,M)^5(go,M^) 

^ Rl{g,M)^}i\g,M)^S{g-o,R\g,M)). 

See Theorem 5.7 for details. We hope that the result we gotten can be used 
as an experimental animal to detect whether the cohomology algebra of a 
Lie superalgebra is finitely generated or not. 

1.3. In Section 2, some necessary notions and results are collected. In 
particular, we show that the ordinary (co)homology of a Lie superalgebra 
defined by its Koszul complex can be computed through the Hochschild 
complex of its enveloping algebra. As we expect, the extensions of restricted 
supermodules can be explained through the first cohomology group H]; . 
The proof of this fact is given in Section 3. We give the cohomological 
interpretations to the similarity classes and equivalence classes of extensions 
of restricted Lie superalgebras in Section 4,5 respectively. And as a result, 
we get the desired 6-term exact sequence. The results gotten in the paper are 
what one would naturally hope them to be for restricted Lie superalgebras. 

Throughout we work with a field k with characteristic p > 2 as the ground 
field. By a superspace we mean a Z2-graded vector space V = Vq Q Vj, in 
which we call elements in and V- even and odd, respectively. Write 
\v\ G Z2 for the degree of v £ V, which is implicitly assumed to be Z2- 
homogeneous. A linear map / : V = Vq Q Vj ^ W = Wq © Wj is said to 
be even (resp. odd) if /(l^) C (resp. f{Vi) C W^j^i) for i = 0,1. Unless 
otherwise specified, all vector spaces, algebras, subalgebras, ideals, modules 
and submodules etc. are in the super case, and all linear maps are even. 
Moreover, for any two Z2-graded vector spaces V,W, we use Homfc(y, 1^) 
to represent the set of all even linear maps from 1/ to and Hom^(y, W) 
to denote that of all linear maps. A map / from 1/ to is p-semilinear if 
f{avi + V2) = aPf{vi) + f{v2) for a £ k and vi,V2 € V. And, we use the 
notation S{V, W) to denote the space of p-semilinear maps from V to W. 

2. Basic results for the cohomology of (restricted) Lie 

superalgebras 

The materials in this section are standard generalization from Lie algebras 
to Lie superalgebras except Lemma 2.2, where we need give a generalization 
of the sign representation of a symmetric group. 

2.1. Basic notions. The definition of a restricted Lie superalgebra can be 
easily formulated (cf. e.g. |TT]). 
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Definition 2.1. A Lie superalgebra = flg ® 0i called a restricted Lie 
superalgebra, if there is a pth map flo ^ 00; denoted as satisfying 

(a) (cx)[^] = d'x^^^ for all c € /c and x G %, 

(b) = {adx)P{y) for all x e Qq and y & Q, 

(c) (x + = + y[*'] + X]f=i y) foi" 2;, y G 00 where isi is the 
coefficient of A*^"*^ in {ad{\x + y)y~^{x). 

In short, a restricted Lie superalgebra is a Lie superalgebra whose even 
subalgebra is a restricted Lie algebra and the odd part is a restricted module 
by the adjoint action of the even subalgebra. For a Lie superalgebra 0, U{g) 
is denoted to be its universal enveloping algebra and u(0) = U{q)/{xP — 
x^^\x G 00 ) its restricted enveloping algebra if moreover is restricted. 

The notion of the cohomology for a Lie superalgebra = 0o © 0i was 
introduced by Fuks (cf. e.g. [5). By definition, the (ordinary) space of 
n-dimensional cocycles of with coefficients in the 0-module M = Mg ® Mj 
is defined to be 

C"(0,M):= Homfc(A"°0o0 5"i0i,M). 

no+ni=n 

The differential (5„ : C""(0,M) C"+i(0,M) is defined by the formula 

Sn-lif){xi, . . . 

5 -^noi Uli ■ ■ ■ 1 Uni) 

no 

~ ^ ^ ( 1) • /(xi, . . . , Xs, . . . , x^Q, yi, . . . , T/m) 

s=l 
ni 

+ ^{-'^T°yt ■ f{xi, . . .,Xno,yi, ■■■,yt,-- ■,yni) 
t=l 

+ ^ {-iy^''f{[Xs,Xt],Xi,...,Xs,...,Xt,...,Xno,yi,---,yni) 
l<s<t<no 
no ni 

+ ^^{-'^yf{xi, • • • ,afs, • • ■,Xno, [xs,yt],yi,-- ■,yt,-- ■,ym) 

s=l t=l 

+ ^ -f{[ys,yt],xi,...,Xno,yi,---,ys:---,yt,---,yni)- 

l<s<t<ni 

For xi, . . . ,Xn G 00 U 01, one can give a more unified expression for the 
differential 

Sn-lif){xi,. ..,Xn) 
n 

= ^(-l)-l+l-»Kn=i^ l-d)^^ . /(^^^ ...,Xs,...,Xn) 
s=l 

+ ^ (^_ly + t+\Xs\{J:t-l\x^\)+\xt\{Y:lZl\=^^\)+\=^s\\xt\ 

l<s<t<no 

' f{[Xs tXi\,Xi,...,Xs,---,Xi,..., Xfi)' 
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It is straightforward to show that 6n+i o (5„ = and hence, in particular, 
one can define the cohomofogies by setting 

H"(g,M) ■.= Ker6n/lm6n-i. 

We call it the n-th cohomology of q with coefficients in M. 

Also one can use the usual Hochschild's complex to define the cohomolo- 
gies for any augmented algebra. In our case, let U{q)~^ be the ideal in U{q) 
generated by g. The n-cochains are now the even n- linear functions on 
U{g)~^ with values in M, and the coboundary operator 6 is defined by the 
formula 

n-l 

Sn-l{f)isi,. . . , S„) = So • /(S2, ...,Sn) + • • • , SjSj+i, . . . , Sn), 

i=l 

for si,...,s„ G U{g)+. 

At the first glance, it is not so clear whether the cohomologies as defined 
above in the two different ways are same or not. For convenience, we call 
the cochains defined in the first way and the second way, the Lie type and 
associative type, respectively. 

Lemma 2.2. There is a canonical isomorphism between the cohomology 
groups of Lie type and associative type. 

Proof. We give an explicit cochain map between two complexes defined as 
above. To do it, we need introduce a notation at first. Let Sn be the 
symmetric group in n letters. For any a ^ Sn and 1 < no < n, define 

sgn(c7(no|n)) := (_i)<^("i)+-+'^W 

where := #{j G {l,...,no}|i i {f^(l), • • • , - 1)}, J < for 
1 < i < n. Now, for every cochain / of associative type, define a cochain /' 
of Lie type by the formula 

(2.1) f\xi,. . . ,Xn) = ^ sgn(cr(no|n))/(x<^(i), . . . 

where we assume that xi, . . . , x„f, € % while x^o+i, . . . ,Xn G 01- One can 
verify directly the 6{f') = (5(/))' and indeed the map f ^ f induces an 
isomorphism of the cohomology groups. □ 

Remark 2.3. The notion sgn(o"(no|n)) generalizes our usual sign represen- 
tation sgn : 5„ — )• {±1}. In fact, we always have 

sgn(cr(n|n)) = sgn(cr). 

Therefore, the formula (2.1) generalizes the isomorphism given by Hochschild 
([3, p. 557) for Lie algebra to Lie superalgebra. 
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Note that we can not use Lie type cochains to define the cohomology 
groups for a restricted Lie supcralgebra directly. Compare with Lie type 
cochains, we still can use associative type cochains to define cohomologies 
for restricted Lie superalgebras. In this case, we just need replace U{q)'^ by 
u(g)"'" and M by a restricted g-module. Similar to the definition of [/(g)"*", 
u(g)^ is the ideal in u(g) generated by q. In order to not cause confusion, 
the restricted cohomology groups are denoted by 

h:(0,M), neN. 

Since the canonical homomorphism U (g) — ?> u(g) allows us to regard any 
u(g)-module also as aU (0)-module, there is a canonical homomorphism 

An explicit cochain map inducing this homomorphism is given, in the as- 
sociative type, by / f^^ where f^{xi, . . . ,Xn) = f {x'l, . . . , x!^) with 
Xi G ^(0)^ and x'^ its canonical image in u(g)"'". 

Denote the complex of the cochains for U{q)~^ in the restricted g-module 
M by C(M), and let C^[M) stand for the subcomplex consisting of the 
cochains of the form /° with / a cochain for C/(g)+ in M. Then we have an 
exact sequence of complexes C°{M) C{M) C{M)/C^{M) 
and so we get a long exact sequence 

■ ■ • ^ H«(g,M) ^ H"(g,M) R^\C {M) / C\M)) ^ H:+i(g,M) ^ • • • . 
Obviously, H°(C(M)/C°(M)) = and so there is an injection 
(2.2) n : Hi(g,M)-^Hi(g,M). 

2.2. Extensions. Let g be a Lie superalgebra and N two g-modules. An 
extension of K by N is a pair {E, (p), where £' is a g-modulc containing K, 
and ^ is a g-epimorphism E ^ N such that Ker^ = K. That is, there is 
an exact sequence of g-modules 

q^k^eAn^q. 

Two such extensions {E, cf)) and {E', cf)') are said to be equivalent if there 
is a g-isomorphism a : E ^ E' which leaves the elements of K fixed and 
satisfies the relation (p'a = (p. As usual, denote the equivalence classes of 
the extensions of _ftr by by Ext(Ar, A), and there is an ordinary (i.e., not 
super) linear space structure over Ext(A, A). Define M to be the /c-space 
consisting of all fc-linear maps from A to K, that is, using our notion 



M = Hom^ fAT, K). 
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Through setting Mg := Hom i.(Na, Kn)® iiom i.(N^, K^), Mj := Romj Ng, K^)® 
Hom f^jNi^Kq), M = Mq © Mj is a superspace. And it is indeed a fl-module 
through 

(2.3) (x • m)(a) := x ■ m(a) - (-l)l^ll™lm(a; • a) 

ior X e Q,m e M and a & N. 

Lemma 2.4. With notions as above, there is an isomorphism of k-spaces 

Ex.t{K,N) ^h1(0,M). 

Proof. For any extension (E', (/>) of by A^, let 99 : N E he a hncar map 
such that tpLp = idjv. Note that 99 can be chosen as an even linear map due 
to <p is already an even homomorphism. From this, we obtain a linear map 
/ : — >■ M by setting 

f{x){a) := X ■ (p{a) — (p{x • a) 

ioic X G Q,a G N. It is straightforward to show that / is a 1-cocycle and 
above procedure induces a linear map F : Ext{K,N) H^(g,M). 

Conversely, for any 1-cocycle / € Homfc(g,M). We can attach it with 
an extension {Ef,(j)f) of K by N. By definition, as vector space Ef = 
K ® N, (l)f{c,d) = d and the g-module is given through 

X • (c + d) := X ■ c + X ■ d + f{x){d) 

for X G 0,c G -fT and d (z N. Also, one can show this process gives a 
linear map G : H^(0,M) Ext{K, N). At last, it is direct to prove that 
EG = idHi(g,M) and GE = idExt(i<:,iV)- □ 

Just like the Lie algebra case, we also hope that we can give an inter- 
pretation to the second cohomology group by using the extensions of Lie 
superalgebras. To attack it, let M an abelian Lie superalgebra, q an arbi- 
trary Lie superalgebra. An extension of M by g is a, pair [E, (p) , where E 
is a Lie superalgebra containing M as an ideal, and is a Lie superalge- 
bra epimorphism E ^ g such that Ker cf) = K. That is, there is an exact 
sequence of Lie superalgebras 

This situation defines on M the structure of a g-module, with g operating on 
M via E, in the natural fashion. Similarly, two such extensions {E, (p) and 
{E', cj)') are said to be equivalent if there is a Lie superalgebra isomorphism 
a : (a is even by definition) which leaves the elements of M fixed 

and satisfies the relation cp'a = <p. Denote the equivalence classes of M by 
g by Ext (M,g) and it is also an ordinary linear space. 
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Lemma 2.5. With notions as above, there is an isomorphism of linear 
spaces 



Proof. Similar to the proof of Lemma 2.4, we just give the formula for the 
correspondence and leave the reader to check the details. For any extension 
{E,(j)) of M by g, let (/? : M ^ E he a linear map such that (pep = id-M- 
From this, we obtain a linear map / G Homfc(0 (8) Q, M) by setting 



for xi,X2 € 0. It is straightforward to show that / is a 2-cocycle and above 
procedure induces a linear map F : Ext(M,g) ^ R^{q,M). 

Conversely, for any 2-cocycle / G Homfc(g (g) Q,M). We can attach it 
with an extension {Ef,(j)f) of M by g. By definition, as vector space Ef = 
g © M, <l)f{xi,mi) = xi and the Lie superalgebra structure is given through 

[(xi, mi), (x2, m2)] := ([xi, X2], xi • mi - (-l)!^!!!^^!^,^ . rrii + /(xi, X2)) 

for xi,X2 G g and mi,m2 G M. Here we implicitly ask {xi,mi) to be an 
homogeneous element and thus we always have |xj| = |mj[. Also, one can 
show this process gives a linear map G : H2(g,M) Ext(M,g). At last, it 
is direct to prove that EG = id^2^^ j^,f^ and GE = id^xt{M,g)- C 

Remark 2.6. Both Lemma 2.4 and Lemma 2.5 should be known by experts. 
The author just has not found a suitable reference. 

For latter use and completeness, we collect some identities, which already 
appeared in [S]. 

Lemma 2.7. Let k{x,y} be the free algebra generated by two variables x,y. 
If denote the map z 1-^ wz — zw = Dw{z), then we have 



Proof. (1) It is not hard to see that Dx{Yl^i=o x'^yx^'^'^^ — D^p~i{y)) = 
which implies X^f^g x^yx^^^"* = D^p-i{y). 

(2) Consider the commutative polynomial ring A;[xi,X2] at first. In such 
a ring, we always have 



Ext(M,g) ^H2(g,M). 



/(X1,X2) := [(/?(X1),V3(X2)] - (/?([X1,X2]) 



(1) E^^=O^V-'-' = D,p-^{y). 

(2) E'r=U'Di-'-'{y) = El=oi-^y 




l-l 




i=0 



which implies 
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By specializing this to our case where xi is the left multiplication by x in 
k{x,y} and X2 the right multiplication by x in k{x,y}, we get the desired 
equation. □ 

3. Extensions of restricted modules 

In Subsection 2.2, we have considered the extensions of supermodules. 
Now let us consider the analogous situation in the case where g is a restricted 
Lie superalgebra, and K, N are restricted g-modulcs. Correspondingly, an 
extension (E, (p) oi K hy N is then called a restricted extension if £^ is a 
restricted g-module. Through equation (2.3), M = Hom ^fA^, K) is a g- 
module. 

Lemma 3.1. M is also a restricted g-module. 

Proof. To show it, for any x G gg we define two maps Ux,Vx G Homfc(Af , M). 
By definition, Ux{f){a) := x-f{a), Vx{f){a) := f{x-a) for / G M and a & N. 
Clearly, u^f^ = Va:Ux and x ■ f = u^if) - v^if). So, 

ixP-f){a) = {ux-VxY{f){a) = {ul-vl){f){a)=xP-f{a)-f{x^-a) 

= x^^ ■ f{a)- f{x^^ ■a) = {x^^ ■ f){a) 

for X e f e M and ae N. □ 

The equivalence classes of restricted extensions of iiT by A'^ is denoted 
by Ext* {K, N) . Since any restricted extension can be regarded as an ordi- 
nary extension naturally, there is a natural linear map 12 : Ext* {K, N) ^ 
Ext(if, A?"). The main result of this section is the following conclusion. 

Proposition 3.2. Let Q be a restricted Lie superalgebra, K, N two restricted 
Q-modules, and M = Iiom ^.(N, K). Then there is a canonical isomorphism 
F|* : Ext*(if, A^) — >■ H^(g,M) such that the following diagram of canonical 
maps is commutative 

FL 

Ext* (i^, AT) . Hi(g,M) 

12 ii 
F 

Ex.t{K,N) Hi(s,M) 

where F is the isomorphism given in Lemma 2.4 and ii is the injection 
described in (2.2). 

Proof. To attack it, it is enough to show that Fi2(Ext*(K, N)) = Imzi. Ac- 
tually, we will show that both Fi2(Ext*(K, A/")) and Imzi equal to the sub- 
space V of H^(g, M) whose elements are represented by Lie type 1-cocycles 
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/ satisfying 



X' 



.p-i 



•/(a;) = /(a;[fl) 



for X G gg. 

Let {E, (j)) be a restricted extension of K by N . By regarding it as a 
usual extension, we get a 1-cocycle / € Homi-(fl, Hom ^^fA^, K)). By defi- 
nition, f{x) = X ■ for a linear section ip oi (j) and x G g. Thus ■ 
f{x) = xP ■ if. Since and N are restricted modules, it follows that 
xP-^ . f{x) = /(xW) for all x G go- Therefore, Fi2(Ext,(iv:, AT)) C V. 
Conversely, let / G Honifc(g, Hom^(A^, i^)) be any Lie type 1-cocycle satis- 
fying x'P~^ ■ f{x) = /(xt^J), for X G gg- By the construction introduced in 
the proof of Lemma 2.4, the corresponding usual extension is denoted by 
{Ef, (pf). By the definition of Ef, it implies that 

p-i 



for X G gg, c (z K and d € N. By K, N are restricted modules and Lemma 
2.7 (1), xP-{c+d) = xW.c+xW-d+L>^p-i(/(x)) = xW-c+xW-d+xP-i-/(x) = 
a;b] . c + • d /(xW) = xW • (c d). Hence, V C Fia (Ext* (ivT, A^)) and 
therefore V = Fi2{Ex.U{K, N)). 

Let / be Lie type 1-cocycle and assume its cohomology class belongs to 
Imzi. Thus there is an associative type 1-cocycle g G Hom(u(g)+, Hom;;,(A/", K)) 
such that the cohomology class of is same as that of /. Thus there is 
an clement m G Hom ^^fiV, K) such that /(x) = ^(x) -|- x • m for x G g. 
Note that g is 1-cocycle, g{xy) = x ■ g{y) for any x,y G u(g)"'". Therefore, 
xP~^ ■ f{x) = x'^~^ ■ g{x) + xP - m = g{x^P^) + x^ • m = /(x'^l). So Imii C V . 
Conversely, let / G Homi-(g, Hom ^^fA^. K)) be any Lie type 1-cocycle sat- 
isfying xP^^ ■ /(x) = f{x^P^), for X G gg. Denote one of its corresponding 
associative type 1-cocycles by g. Thus there is an element m G Hom f^jN, K) 
such that g{x) = /(x) + x ■ m. So g{xP — x^^) = g{xP) — /(xb'l) — x^p] • m = 
xP-^ ■ g{x) - /(xW) -x\P\-m = xP'^ ■ (/(x) + x ■ m) - f{x^^) -x^^-m = 0. 
So g is indeed defined over u(g). Thus V Clmii. D 

4. Extensions of restricted Lie superalgebras: the similarity 



The definition of a Lie superalgebra extension has been described in Sub- 
section 2.2. We also hope to consider the analogous case where Lie super- 
algebras are replaced by restricted ones. The definition of a restricted Lie 
superalgebra extension can be given directly. Let M be an abelian restricted 
Lie superalgebra and g just a restricted Lie superalgebra. A restricted ex- 
tension of M by Q is a pair {E, <p) where F is a restricted Lie superalgebra 




classes 
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containing M as an ideal, and is a restricted Lie superalgebra epimor- 
phism E ^ Q such that Ker (p = M. Similarly, this situation defines on M 
the structure of a g-module and it is easy to see this module is restricted. 

Obviously, there are two ways to consider the relations between different 
restricted extensions: similarity classes and equivalence classes. By defini- 
tion, two restricted extensions {E,(f)) and {E',(j)') are said to be similar if 
there is a Lie superalgebra isomorphism a : E E' which leaves the ele- 
ments of M fixed and satisfies the relation (p'a = (j). And, they are equivalent 
if moreover a is a restricted map, that is, a{x^'P^) = q;(x)[^] for x € Eq. In 
this section, we want to characterize the similarity classes by using cohomol- 
ogy theory. In subsection 2.2, we have used the notion Ext(M, g) to denote 
the set of ordinary equivalence classes. To not cause confusion, we introduce 
two more notions. The set of similarity classes and equivalence classes of 
restricted extensions of M by g are denoted by Exto(M, g) and Ext*(M, g), 
respectively. They are abelian groups. Clearly, we have two natural maps 
of abelian groups 

(4.1) ^3 : Exto(M,g) ^ Ext(M,g), vri : Ext,(M,g) ^ Exto(M,g) 

where ^3 is injective and vri is surjective. As we will see later, both Exto(M, g) 
and Ext*(M, g) are ordinary linear spaces whenever M is strongly abelian. 
And in such case, above two maps are linear maps automatically. 

Definition 4.1. A restricted Lie superalgebra M is strongly abelian if it is 
abelian and x'^^ =0 for all x G Mg. 

Lemma 4.2. Every restricted extension of M by g is similar to one in which 
M is strongly abelian. 

Proof. Note that we can generalize the Proposition 2.1 in f9] to the Lie 
superalgebra directly. That is, for a restricted Lie superalgebra (g, \p]) and 
a map [p]i : g ^ g, [p]i is still a p-mapping of g if and only if [p] — is a 
p-semilinear map from g to C(g), where C(g) is the center of g. 

Now let {E, (j)) be a restricted extension. By the definition of a p-mapping 
and M is an abelian ideal of E, M'^I is contained in the center of E. So 
the restriction of \p\ to M sends M to C{E) and this map is p-semilinear. 
We evidently extend this map to a p-semilinear map g from E to C{E). 
Thus by the result stated in the above paragraph, [p\i := [p\ — g is another 
p-mapping of E. Equipping with this new p-mapping, we get a restricted 
extension of M by g which is clearly similar to the given extension by the 
identity map, and in which M is strongly abelian. □ 

By this lemma, this is no harm to assume that M is strong abelian, and 
we indeed do so in the following of this section, when we only consider 
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similarity classes. By Lemma 2.5, there is an isomorphism between and 
Ext(M,0) and R^iQ^M). Since Exto(-/V/, g) is a subset of Ext(M, g), there 
is a subset of H^(g, M) which corresponds to Exto (M,g). For convenience, 
denote this subset by Hq (g,M). So our aim is to characterize Hq (g,M) by 
using cohomologies. 

Now, let / be a 2-eoeyele. Recall from the proof of Lemma 2.5 the cor- 
responding extension is {Ef,<pf). For x G 0O)^i ^ 9) direct computations 
show that 

p-i 

i=0 

For short, define := Z^f=o and fxi{x) := f{x,xi). 

Lemma 4.3. The map kx + f^{p] for any x Qq is a 1-cocycle from q to M 
and it only depends on the cohomology class of f. 

Proof. By x G gg, o)p is an ordinary derivation, that is 

D(x,o)p[{xi,0),ix2,0)] = [D(^^^Q)p{xi,0),{x2,0)] + [(2;i,0),L>(3,_o)p(a^2,0)] 
for xi,X2 G g. From this, we have 

kx{[xi,X2])+x^^-fixi,X2) = XI ■A;^(X2)- (-1)1^111^^1x2 -A^^Cxi) 

+ /(xi,[xb'l,X2]) + /([xb'Ul],X2). 

Since / is a 2-cocycle, x^'^ ■ f{xi,X2) — /(^i, [x^^^, X2]) — /([x^^^, xi], X2) = 

-Xl-/(x2,xW) + (-l)l-lll-2lx2-/(a;i,x[fl) + /([xi,X2],xW) = -Xl-4w(x2) + 

(_l)|a:i||^2|3,2 . /^[p](xi) + /j,!?] ([^i, X2]). From this, it is easy to see that 
kx + fj-ip] is indeed a 1-cocycle. To show the second claim, we need show 
kx + f^ip] is a coboundary whenever / is so. Now assume that f = Sg for 
some g G Homfc(g,M). Then 

p-i 

kx{xi) = ^^x' ■ f{x,D^p-i-i{xi)) 

i=0 

p-1 

= ^ x' ■ (x • g{D^p-i-i (x)) - D^p-i-i (xi) • g{x) - g{D^p-i (xi))) 

1=0 

p-i 

= xW .^(xi) -5([xW,xi]) -J2^'D,p-i-,ixi)-gix) 

p-i 

= xW.5(xi)-5([x[fUi])-^(-iy 

i=0 

= xW ■ gixi) - , xi]) - x,xP-' ■ g{x), 




xP-^-'xix' 
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where Lemma 2.7 (2) is used. Therefore, kx{xi) + f^Mi^i) = x^'^ ■ g{xi) — 
g{[x^\xi]) — xix^^^ ■ g{x) + xi ■ {g{x^^)) — x^'^ ■ g{xi) — g{[xi,x^^^]) = xi ■ 
{g{x^^) — x^"^ ■ g{x)). So kx + /^.m is a coboundary too. □ 

By this lemma, for any x S gg, wc get a map ■ H^(g, M) — > H"'^(g, M) 
which is induced hy f kx + f^ip] ■ The cohomology class of / is denoted 
by c(/) and we want to give a more controllable representative to $a;(c(/)). 
For this, let g be an associative type 2-cocycle whose cohomology class is 
c(/). So we can assume 

f{xi,X2)=g{xuX2) - (-I)l^-ill"2l5(x2,xi) 

for xi,X2 e 0. Using this associative type 2-cocycle and noting x G gg, 

p-1 

kx{xi) = "^x' ■ f{x,D^p-i-i{xi)) 

i=0 

p-1 

= X]^* ■ {9ix,DxP-^-iixi)) - g{D^p-i-i{xi),x)) 

i=0 

p—1 p—1 

= ^9{x^'^^,D^p-i-i{xi)) -^g{x\xD^p-i-i{xi)) 

i=0 i=0 
p—1 p—1 

- 9{x'Dxp-l-^ {xi),x) + X g{x\ D^p-l-^ 

1=0 i=0 
p—1 p—1 

= Y9{x'^\D^p-^-i{xi)) -Yg{x\D^p-i{xi)) 
1=0 1=0 

P-1 

-Y9{x'D^P-i-i{xi),x) 

i=0 

p-1 

= g{x^,xi) -Yg{xW^p-i-i{xi),x) 

i=0 

= g{xP,x^)-J^^g{{-iy ^ ,^^^xP-'-'xix\x) 

= g{xP,xi) - g{xixP~^,x) 

= g{x^,xi) -g{xi,xP) -xi ■g{xP~^,x). 

Therefore, 

kx{xi) + fx[v]{xi) = g{xP - x^\xi) - g{xi,xP - x^^) - xi ■ g{xP~'^,x). 

Hence, $a;(c(/)) has a representative 1-cocycle g'^ : xi i->- g{xP — x^\xi) — 
g{xi,xP — x^^). By this expression, we get a p-semilinear map g' : gg — > 
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H (g, M) induced by x i-> g'^. Thus we get a linear map 

(4.2) H2(0,M)^S(5o,H1(0,M)), g ^ g' . 
The characterization of HQ(g,M) is described as follows. 

Proposition 4.4. Ho(0,M) = Kei^. 

Proof. Let / be a 2-cocycle and assume c(/) G Hg(0,M). Thus the corre- 
sponding extension {Ef,(pf) is a restricted extension. So for any x € 0o, 
there is an element p{x) G M such that {x,0)^^ = {x^^^,p{x)). From 
D{x,o)p = -^^{^■,o)W' W6 must have k^i^xi) = /(xW,xi) - xi ■ p{x), i.e., 
^a; + fxlp] = ^(-Pi^))^ SO that $a;(c(/)) = 0. Therefore c(/) G Ker<I> and 
thus Hg(0,M) C Ker$. 

Conversely, assume c(/) € Ker<I>. Recall we use g to denote the associa- 
tive type 2-cocycle of / such that f{xi,X2) = fl'(xi,X2) — (— l)'^^"^^'(7(x2,xi). 
Thus we get a p-semilinear map 

a : %^ Mo 

such that g'xixi) = xi ■ a{x). Now we define a p-mapping on Ej through 

(4.3) (x,m)W :={x^P\xP-^ ■m + g{xP-\x)-a{x)) 

for X € 00, JIT' G Mq. Of course, one can show directly (4.3) indeed gives a 
p-mapping on Ef and thus Ef is a restricted Lie superalgebra. Also, one 
can copy the same computations used in restricted Lie algebra case (see p. 
568-569 in |5j) to show (4.3) satisfy all conditions of a p-mapping. In one 
word, c(/) € Hg(0, M) and thus Ker $ C H§(0, M). □ 

Remark 4.5. By this proposition, if M is strongly abelian, we know that 
Exto(M, g) is also an ordinary vector space and the canonical map ^3 given 
in (4.1) is a linear map. 

5. Extensions of restricted Lie superalgebras: the equivalence 

CLASSES 

Further, we consider the restricted equivalence classes Ext^, (M.g) in this 
section. And, as the final conclusion, the Hochschild's 6-term exact sequence 
will be given. As the beginning, a decomposition of a similarity class into 
equivalence classes will be given. 

5.1. Decomposition of similarity classes. Let {E,(f)) be a restricted ex- 
tension of M by g and denote its similarity class by c. We want to decompose 
c into a set Sc of equivalence classes. For any other representative object 
{E',(l)') of c, there is a similarity isomorphism 7 : {E,(j)) — )• {E',(j)'). 

Lemma 5.1. For any e € Eq, 7(6^^^) — {j{e))^^^ depends only on (f){e). 
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Proof. To attack it, it is enoug h to show that 7(eW) - (7(e))W = 7((e + 
m)W) -(7(e + m))M for any m G Mq. This is just a direct computation. 



7((e + m)[^'l) = 7(e[^'l + + e^^'^ • m) = 7(e[Pl) + m^^'l + e^"^ 



• m, 



(7(e + m))[*'l = (7(e) + m)[?'l = 7(e) l^'l + m^^ + 7(6^-^ • m. 

Note that we always have e^~^ • m = j{e)P~^ ■ m, we get j{e^^) — (7(e))[^l = 
7((e + m)[Pl) - (7(e + m))[Pl. □ 

By this lemma, for any e G -Eg, one can denote the difference 'y{e^^) — 
(7(e)) [^'1 by g{4>{e)) and hence we get a map 

5 : So Mg. 

Lemma 5.2. g is a p-semilinear map from gg to Mg where Mg := {m G 
Mq\x ■m = 0, X e q}. 

Proof. By 7 is a Lie super algebra map, 
p—i p—i 
7(^Si{ei,e2)) = ^Si(7(ei),7(e2)) 

i=0 i=0 

for ei, 62 G ii^o (See condition (c) of ap-mapping for the definition of Si{x, y)). 
This indeed implies that 5 is a p-semilinear map. 
Furthermore, for any x = 4){z) G 0, we have 

X -5(0(6)) = 7(^)-(7(et^l)-(7(e))t^l) 

= 7([^,e[^l]) + i5,(e).(7(^)) 
= j{[z,e^^) + j{De.{z)) 
= 0. 

□ 

As stated in the first paragraph of the proof of Lemma 4.2, one can give 
a new p-mapping for E by setting e^^^ := — g{(f>{e)) and thus wc get a 
new restricted Lie superalgcbra which gives an extension of M by g. Denote 
it by {Eg,(j)). Now 7(e(p') = 7(6^) - g{<p{e)) = 7(e)W and so (Eg,(^) is 
equivalent to {E',(f)'). Conversely, for any g G S{qq,M^), {Eg,(f)) is similar 
to {E, (f)). Moreover, we get an action 

g* : Ext,(M,g) ^ Ext*(M,g), (E,0) ^ {Eg,(t>). 

Such discussions give the following basic fact. 



Lemma 5.3. Through the map g ^ g* , S{qq,M^) operates transitively on 
each Sc- 
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We hope to determine the kernel of the map g ^ g* . For this, we need 
give a cohomology explanation to the automorphisms of ordinary extensions. 
Let V') be an ordinary extension of M by g, where "ordinary" means 
the extension need not to be restricted. An automorphism of (F, if)) is an 
isomorphism of Lie superalgebras a : F ^ F which leaves the elements of M 
fixed and satisfies that relation ^ja = tjj. Since a(e) — e = a{e + m) — (e + m) 
for any m € M, a(e) — e only depends on tp{e) and denote it by /i(V'(e)). 
From this we get an even linear map /i : g — )• M, ip{e) h{ip(e)) for e € -F. 

Lemma 5.4. The h G Hom(g, M) defined above is a 1-cocycle. 

Proof. For any 61,62 G F, we always have a([ei,e2]) = [a(ei), a(e2)]. From 
this, we have ^([^(ei), ^^(62)]) = [ei, ^(V'(e2))] - [e2, ^(V'(ei))] = 

[V'(ei),/i(^(e2))] - (-l)l^ill^2|[^(e2),^(V'(ei))]. This implies that ^ is a 1- 
cocycle. □ 

Conversely, for any 1-cocycle h one can get an automorphism of {F, tp) by 
setting a : F ^ F, e^ e + h{tp{e)). 

Now we go back to determine the kernel of the map g ^ g* . Assume 
g G S{qq,M^) is one lying in the kernel. So {Eg,(p) is restricted equivalent 
to {E, (p) for any restricted extension {E, cp). Let 7 : E ^ Eg he the isomor- 
phism. By forgetting the restricted structure, 7 gives an automorphism of 
{E, (p). Owing to Lemma 5.4, 7(e) = e + h{(p{e)) for some 1-cocycle h. Then 
by7(eW) = 7(e)W for e G Eq, g{(p{6)) = eP-i-/i(0(e))+/i((/>(e))W -/i(0(e)W). 
That is, for any x G 0O) we have 

g{x) = xP-^ ■ h{x) + h(xp - 

Define h'{x) := xP~^ ■ h{x) + hix)^^ — h{x'^^) and it is not hard to see that 
h' G 5(00) -^g)- So we get a liner map 

(5.1) ^: Z\q,M)^S{q-q,MI), h^h', 

where as usual Z^{q, M) is the space of 1-cocycles for q in M. Now, we know 
that Im* is just the kernel of the map g ^ g*. Note that the procedure 
to determine the kernel does not depends on the choice of equivalence class 
of {E,(p). So we can choose it to be the trivial extension sq, that is, the 
0-element in Ext*(M, g). Define 

Gs,: 5(0o,Mg9) ^Ext,(M,3), g^g*{so). 

So Im^' = KerGsQ. Thus, the following 4-term exact sequence is gotten. 

Proposition 5.5. Let M he an abelian restricted Lie superalgebra on which 
the restricted Lie superalgebra Q operates. Then we have the following A-term 
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exact sequence of abelian groups 

Z\g,M) 4 S{5Q,M-^) Ext*(M,0) ^ Exto(M,0) ^ 0. 

5.2. Equivalence classes. In this subsection, we always assume that M 
is strongly abelian. In such case, the connection between Ext*(M, g) and 
B.l{g,M) is nice. 

Proposition 5.6. Let M be a strongly abelian restricted Lie superalgebra on 
which the restricted Lie superalgebra g operates. Then there is a canonical 
isomorphism F|* : Ext*(M, g) ^ H^(0, M) such that the following diagram 
of canonical maps is commutative 

Ext*(M,fl) . H2(g,M) 

TTl 

Exto(M,s) H2(0,M) 

where F\q is the restriction of the canonical isomorphism F : Ext(M, g) ^ 
H2(fl,M) toExto(M,fl). 

Proof. The idea is similar to that used in the proof of Lemma 2.5. Given a 
restricted associative type 2-cocycle g of u(g) with values in M. Construct 
the corresponding restricted extension (Eg, (f)y) as follows: As a space, Eg = 
© M, (j)g{xi.,mi) = x\ and the restricted Lie superalgebra structure is 
given through 

[{xi,mi),(x2,m2)\ := ([xi, ^2], xi • mi - (-l)l''ill''2lx2 • mi 

+ 5(a;i,X2)-(-l)l^^"^^l5(^2,xi)), 

(x,m)[f] := (xW,x^'-i ■m + 5(xP-\x)) 

for xi,X2 G g,x G 00 and mi,m2 G M, m G Mg. It is straightforward 
to show {Eg,(pg) is indeed a restricted extension of M by g. Next, we 
need to show that the equivalence class of (Eg,(f)g) depends only on the 
cohomology class in H^(0,M) of g. Let /i be a 1-cochain and we will show 
that , ) is equivalent to {Eg,(pg). In fact, define 

« : Fg+s{h) Eg, (x, m) ^ (x, m + h{x)) 

and direct computations show that a is an equivalence isomorphism. Thus 
the map g ^ (Eg,(pg) induces a linear homomorphism 

G|*: H2(0,M)^Ext*(M,0). 

Conversely, let {E,<p) be a restricted extension of M by and <p can 
be extended uniquely to a homomorphism from u(£') to u(0). Clearly, 
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Ker(^') = u{E)M. Note that we can not apply the same method used in 
the proof of Lemma 2.5 directly since it only gives us a 2-cocycle of Lie 
type. And in the restricted case, we only have associative type cochains. To 
overcome this difficulty, a linear map is needed. It is known that M is a 
u(£')-module. We claim the the identity map of M to M can be extended in 
one and only way to a u(£')-homomorphism from u(E)M to M, each being 
regarded as a u(£^)-module in the natural fashion. Actually, the map 

7 : u{E)M M, ^ UiUii ^ ^'(■Ui) • rrii 

i i 

is the desired one. Now, we go back to construct an associative type 2- 
cocycle. To attack it, let V' be a linear map from q to E which is inverse 
to (f). We can extend to a linear map ■0' : u(g) — >■ u(£') such that 
(f)'il)' = idu(5) • ^^'^ define 

g: u(0)+ (g) u(0)+ ^ M, {x,y) ^ -fiij:' {x)'il:' {y) - ij:' {xy)). 

One can check directly that g is an associative type 2-cocycle of u(g) in M 
and this induces a linear map 

F\^ : Ext*(M,fl)^H2(g,M). 

Once we can show that {E,(f)) is equivalent to {Eg,<pg), then G|* o F|* = 
idExt»(M,0)- Actually, define 

a: Eg E, {x,m) i-^ ip{x) + m. 

Through direct computations, we get 

a([(xi, mi), (x2, 777,2)]) = a([xi,X2],xi • m2 - (-l)''^^"'^^'x2 • mi 

+5(xi,X2)-(-l)l"l""^lff(x2,Xi)) 

= ip{[xi,X2]) + xi-m2- (-l)l''ill^2lx2 - mi 

+7([^(xi),V'(a;2)] -i^{[xi,X2])) 
= XI • m2 - (-1)1^111^^1x2 ■ mi + [V'(xi), V(X2)] 
= [a(xi,mi),a(x2,m2)]. 

Furthermore, 

a{x,m)^^ = 4^{x)^^+xP-^ ■ m, 
a((x,m)W) = i>{x^P^)+xP-^ ■m + gixP~^,x). 

And, g{xf'~\x) = -f{ip'{xP~^)^{x)-^l;'{xP)) = j{'ip{x)P -ipix^^)) = V'(x)W- 
■i/'(x[^l). So a(x, m)[^l = a((x, m)[^l) and hence a is an equivalence isomor- 
phism. 

At last, let us show that G|* is a monomorphism. Suppose that {Eg,<pg) 
is a trivial extension. By definition, there is a homomorphism ip : q Eg of 
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restricted Lie superalgebras such that (pip = idg. Write ipi^i) = (xi, —h{xi)) 
for a;i G g. By is & homomorphism of restricted Lie superalgebras, we get 
(5.2) 

5(xi,X2)-(-l)l^i|l^2l5(:r2,xi) = xrMa;2)-(-l)l^^ll^^lx2-/i(xi)-/i([xi,X2]), 
(5.3) 9{xP~\x) = xP-'^ ■ h{x) - h{x^'i) 

for xi,X2 € g and x € gg- The equation (5.2) imphes that Lie type cocycle 
corresponding is a coboundary. So 5° is also a coboundary (see subsection 
2.2 for the definition of g^). That is, there is a 1-cochain uj for U{q)'^ in M 
such that g^{u, v) = u-uj{v) —(jj{uv) for u, w G U{q)'^. So it is not hard to see 
a;|g — /i is a Lie type 1-cocycle and therefore coincides w\q for an associative 
type 1-cocyclc zu for U{q)^ in M. Replacing uj by uo — w, one can assume the 
wig = h. So (5.3) implies that g{x'P^^,x) = x^^^^ ■ijj{x) —'^{x'^^^). At the same 
time, g{x'P^^,x) = g'^{xP~^,x) = x^^^ • w(x) —uj{x^). Thus tj(x'[^l) = oj{xP) 
and so UJ = f'^ with / a 1-cochain for u(fl)'^ in M. Therefore, g = Sf and 
we get the desired conclusion. □ 

5.3. The 6-term exact sequence. Now the Hochschid's 6-term exact se- 
quence is a direct consequence of conclusions we built. 

Theorem 5.7. Let M be a strongly abelian restricted Lie superalgebra on 
which the restricted Lie superalgebra g operates. Then we have the following 
6-term exact sequence of ordinary linear spaces 

O^H:(g,M) ^ Hi(g,M) A5(go,Mgfl) 

h2(0,M) ^I-^^I*' R\s,M) a 5(go,HHg,M)). 

Proof Recall the definition of * : Z^{q,M) S{gQ,M^), one can find 
^ maps each 1-coboundary to whenever M is strongly abelian. So ^ 
induces a linear map ^ : H^(g,M) — ?> S'(go,Mg) naturally. By combining 
the description of H];(g,M) given in the proof of Proposition 3.2, we have 
the following exact sequence 

O^Hi(g,M) AHi(g,M) A5(go,Mg«). 

Through using Proposition 5.5, we get the exact sequence 

O^Hi(g,M) ^ HHg,M) ^ S{5q,M^) ^ Ext.(M,g) ^ Exto(M,g) ^ 0. 

By combining the descriptions of Exto(M, g) and Ext*(M, g) given in Propo- 
sitions 4.4 and 5.6 respectively, the desired 6-term exact sequence is fol- 
lowed. □ 
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Remark 5.8. (1) In page 575 in [5J, Hochschild gave the 6-term exact 
sequence in the fohowing way 

O^Rl{L,M) R\L,M) ^ S{L,M^) 

^ Rl{L,M) ^R\L,M) ^ SiL,RHL,M)), 

where L is a restricted Lie algebra and M is a strongly abelian restricted 
Lie algebra with an L-operation. Clearly, if we take q in Theorem 5.7 to 
be a restricted Lie algebra, then we recover the original Hochschild's 6-term 
exact sequence very well. 

(2) As we have seen, the proof of main result depends on the interpre- 
tations of cohomology groups by using various kinds of extensions. It is 
hopeful that one can get the same result or find applications by filtering 
the associative cochain complex for U{q) in M relative the ideal, which gen- 
erated by — xt^J for x G gg, and considering the corresponding spectral 
sequence. This procedure should relate the works in [21 [3] to super case. 
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